We study the surface-roughness dependence of the Casimir force between fractal surfaces, which is represented by the Weierstrass-Mandelbrot function. When compared the Casimir force in the case of smooth surfaces, the Casimir force between fractal surfaces rapidly increases as the separation distance decreases. We express this deviation as a simple analytical function that is composed of three parameters including fractal dimension, and compare it with the deviation obtained from Monte Carlo simulations.
I. INTRODUCTION
Surface forces play a very important role in surface interactions, such as adhesion, stiction, and wetting [1] . The Casimir force is a major contributing factor in surface forces when surfaces are electrically neutral, and the separation is much larger than the atomic scale [2] [3] [4] [5] . The Casimir force arising from a change in zero-point vacuum fluctuations very rapidly increases as the separation between the objects decreases. Thus, the Casimir force has been a topic of great interest in the area of microelectromechanical systems (MEMS) for the past decade [6] [7] [8] , and the rapid theoretical progress with respect to the Casimir effect enables us to predict the Casimir force between many materials [9] . However, many difficulties still remain. The major difficulty arises from the fact that the Casimir force strongly depends on shape; as a result, we cannot exactly calculate the Casimir force between rough surfaces yet.
The Casimir force nonlinearly increases as the separation distance between objects decreases. Thus, the influence of surface roughness on the Casimir force becomes significantly large, especially in the case of small separations. Several methods of computing the Casimir force between rough surfaces have been already proposed, and the influence of roughness on the Casimir force has also been studied [10] [11] [12] . However, since there are various surface shapes that exist in real materials, it is difficult to determine the roughness dependence of the Casimir force comprehensively. In this study, we restrict our attention to the fractal surface described by the WeierstrassMandelbrot (WM) function [13] ; however, we give simple analytical results for the roughness dependence of the Casimir force.
The WM function is defined by the superposition of trigonometric functions, whose power spectrum exhibits a power-law decay and the phase is random. This function has been used to represent engineering surfaces produced by random processes, in which self-similarity is often observed at the surface [14] . The knowledge of the self-affine * Corresponding author: inui@eng.u-hyogo.ac.jp structure of the surface is important factor for understanding roughness studies, and the self-affine structure of the surface has been measured by various methods. For example, Palasantzas measured the height-height correlation of a silver film deposited on a polished quartz crystal by scanning tunneling microscopy and compared it to an analytical form [15] . Furthermore, fractal surface is important to surface modification technology. For example, it has been shown that fractal surfaces can be super water repellent [16] . We use the WM function to investigate the roughness dependence of the Casimir force because this function is characterized by few parameters. If massive height profile data sets are used, a good approximation of the correction to the Casimir force may be obtained, but this is not the aim of this study. We aim to understand the roughness dependence of the Casimir force between fractal surfaces by as few parameters as possible.
This paper is organized as follows. In Sec. II, we introduce the WM function and calculate the height-height correlation. In Sec. III, using Monte Carlo simulations, the statistical properties of the roughness profile are expressed by a Gaussian function, and the standard deviation is approximated by a simple analytical form. In Sec. IV, the roughness dependence of the Casimir force between two independent fractal surfaces is considered. We give a simple analytical form to the ratio of the Casimir force between fractal surfaces to that between flat surfaces at the same separation distance. Finally, we present our conclusions and discuss the limitations of the approximation form of the Casimir force between fractal surfaces.
II. CORRELATION FUNCTION OF THE WEIERSTRASS-MANDELBROT FUNCTION
Mandelbrot found that self-similar patterns are observed in various natural phenomena and termed the shape with self-similar patterns as fractal [17] . The fractal is very useful for understanding surface roughness because roughness measurements of various surfaces have shown that their topographies are fractal. The fractal surface observed in nature is very complicated, and it is impossible to be described by smooth functions. However, Mandelbrot showed that the function derived by Weierstrass, which is a superimposition of infinite trigonometric functions, is fractal and although continuous everywhere is differentiable nowhere. In this study, we call this function the WM function. The WM function is initially defined by a function of a single variable and is generalized to that of multiple variables by Ausloos and Berman [18] .
We consider two parallel plates with side length L and surface roughness described by the generalized WM function, as shown in Fig. 1 . We denote the upper and lower surface as z 1 (x, y) and z 2 (x, y) + d, where d is the mean separation between the surfaces. The generalized WM function, which is characterized by three parameters A, γ, and fractal dimension D (2 < D < 3), is defined by
where ϕ n,m is a random phase taken from a uniform distribution between 0 and 2π, and a n,m (x, y) is defined by
Strictly speaking, the above function is not a perfect fractal if N and M are finite. However, a minimum length exists in real surfaces, and the properties of the fractal are observed at larger scales than the minimum length if N and M are large. Figure 2 shows examples of the WM function with γ =1.5, N = 17, and M = 10 for D = 2.1 and 2.5, in which the phase ϕ n,m is unchanged for each n and m. We assume that M is odd in this study for simplicity. We consider the statistical properties of the WM function. We define mean of the roughness bȳ
Since the WM function includes a random phase, the infinite different surfaces are generated depending on a random phase. Thus, we consider an ensemble average of a statistic of the roughness X over all possible surfaces and denote it by ⟨X⟩. For example, the ensemble average of the mean roughness is denoted by ⟨z⟩, and it is zero. One of the important statistics is the height-height correlation function of the WM function along the x axis:
The average height-height correlation function of τ is given by
The derivation of this equation is given in Appendix A. For large M , the variable m/M can be approximated as a continuous variable. Thus, the summation over m can be replaced with an integral, and the following formula is obtained
where g n (γ, τ ) can be expressed by several special functions. The derivation of this equation and definition of g n (γ, τ ) are given in Appendix A. Here we note that ⟨R(τ )⟩ can be written as a function of the ratio of τ and L. Figure 3 shows the comparison of the height-height correlation function given in (5) 
III. DISTRIBUTION FUNCTION OF ROUGHNESS
We consider the distribution function of roughness P (ζ), that is the probability of the measuring height be- tained by Monte Carlo simulations with 10 5 surfaces (solid circles) and Gaussian fitting (solid line), whose variance is 2.5 as an example in Fig. 4 . The distribution function of roughness seems to be well approximated by the Gaussian function.
Since the mean of the surface roughness is zero, the distribution function is mainly determined by the variance of surface roughness. The variance in the limit of M, N → ∞ is the height-height correlation function at τ = 0 (see Appendix A):
where 
where m 4 is the fourth moment of the distribution function P (ζ) (see Appendix B). Since the kurtosis of the Gaussian function is exactly 3 independent of the variance, the deviation of the kurtosis from 3 represents the degree of the Gaussian fitting approximation. Figure 6 shows κ(γ, D) with N = 10 and M = 11 as a function of the fractal dimension for γ =1.5 and 2.0. The kurtosis of the roughness distribution shown in Fig. 4 is 3 .38. If the kurtosis is less than this value, then the roughness distribution function is more fitted to the Gaussian function. We remark that the kurtosis is independent of the amplitude A.
FIG. 7:
Illustration of the proximity force approximation for the Casimir energy between rough surfaces. The Casimir energy density is approximated by that between parallel plates with a separation gap z1 − z2. PFA is only valid when the roughness is much smaller than the separation distance.
IV. CORRECTION OF SURFACE ROUGHNESS TO THE CASIMIR FORCE
We start to consider the Casimir force between perfectly conductive plates. If their surface is smooth and the separation distance between plates is d, the Casimir energy E 0 (d) and force F 0 (d) per area are given by
= − π 2 ℏc
If the surface is smooth but the conductivity of the plate considered above is not infinity, the Casimir energy depends on the dielectric permittivity of plates. When the dielectric permittivity of plates at angular frequency ω can be described by the plasma model
where δ is the skin depth c/ω p [19] . To focus our attention on the roughness dependence of the Casimir energy, we consider only the separation distance much larger than the skin depth. In addition, we assume the variance of the surface is much smaller than the separation distance. If the surface is not smooth, we hardly calculate the exact Casimir force. Here, we introduce the proximity force approximate formula (PFA). In PFA, as shown in Fig. 7 , the contribution of the Casimir energy in a rectangular parallelepiped with an area of the base dxdy and a height z 1 − z 2 to the Casimir energy between rough surfaces is approximated by the Casimir energy between perfectly conductive parallel plate π 2 ℏc/[720(z 1 − z 2 ) 3 ]dxdy. As a result, the Casimir energy between rough surfaces of side length L × L is approximated by
where z 1 (x, y)−z 2 (x, y) is the separation distance between the plate at the point with coordinates (x, y). Let us calculate the Casimir energy between plates whose roughness can be described by the WM function. Since the roughness distribution of the WM function is approximately expressed by the Gaussian function, the Casimir force between the WM surfaces is approximately given by
where σ is the standard deviation of the separation distance, and z min is the cut-off deviation. If the surface is perfectly flat, the separation can decreases unlimitedly. However, the rough surfaces come into contact at a finite d by decreasing the separation. This separation distance depends on the randomness used in the WM function. Thus, the above formulation of the Casimir force is available for much larger sedations than σ. The probability of roughness larger than σ is small but not zero; we need to introduce the cut-off for deviation. If we can set a cutoff deviation satisfying the condition −d ≪ z min ≪ δ, we may obtain a good approximation value for the Casimir force. We express the Eq. (18) in a simple form using the Taylor expansion. The integrand in Eq. (18) is expressed as
Although this series expansion converges only for z > −d, the integration of each term with respect to z from −∞ to ∞ converges, and we can express it in an analytical form by using the following formula: (20) where Γ(x) denotes the gamma function. If the contribution of the integration on (−∞, z min ] is small with respect to the Casimir force, the Casimir force is approximately given by
where
Here, (2n − 1)!! is defined as 1 × 3 × 5 × · · · × (2n − 1). Consequently, the ratio of F (d) to the Casimir force between the smooth surface is given by
This equation coincides with a special case of the correction formula obtained by Bordag et al. [4, 20] . Using Padé approximation, the roughness correction of the Casimir force can be expressed as a function of the ratio ξ ≡ σ/d:
This approximation is available for ξ ≪ √ 2
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. Figure 8 shows the comparison of the roughness correction η for the WM surface with σ 1 = σ 2 = 1.32 obtained by the Monte Carlo method, which is averaged over 10 (11) and (25), we can estimate the deviation of the Casimir force between the WM surfaces if three parameters are known.
V. CONCLUSIONS
We considered the influence of roughness on the Casimir force. The strength of the Casimir force rapidly increases as the separation distance decreases. Thus, the influence of roughness is considerably important at small separations. Since the Casimir force at small separations often causes adhesion between MEMS parts, surface roughness is essential factor for designing MEMS. However, even if we preciously know surface topography, it is difficult to accurately calculate the Casimir force because the Casimir force is not expressed by the summation of the force between two atoms, and we need to obtain the electromagnetic field satisfying the appropriate boundary conditions at rough surfaces. In addition, the surface topography is individually changed, and it is impossible to measure each surface of MEMS parts. Thus, it is important to know the statistical properties of the Casimir force between rough surfaces.
We focused our attention on fractal surfaces because engineering surfaces are often fractal. Many frequency components are included in the spectrum of fractal surfaces, and its power spectral density exhibits a power-law decay. Fractal curves are although continuous everywhere are differentiable nowhere. The WM function is a well-known function that exhibits these properties and has been used to study the contact between rough surfaces. We showed that the distribution of roughness of the WM function is approximated as a Gaussian function, and its standard deviation is expressed by three parameters. The correction of the Casimir force between the surfaces characterized by the WM function to that between flat surfaces was expressed as a function of the ratio of the separation distance to its standard deviation. Since the relation between the standard deviation and three parameters was obtained, the correction of the Casimir force can be also considered in the terms of three parameters. For example, for a fixed mean separation-distance, we can show that the strength of the Casimir force increases as the fractal dimension increases.
We restricted our attention to the correction of the Casimir force between perfectly conductive plates. However, the results obtained in this study are easily generalized for real materials. For example, the strength of the Casimir force between metallic plates decreases inversely proportionally to d 3 for small separations. Accordingly, the correction of the Casimir force can be calculated by changing the exponent (d + z) in Eq. (18) from 4 to 3.
where a n,m is defined by
Substituting Eq. (A1) into Eq. (4), we have
Here ζ n,m (x) is defined by
The ensemble average of the height-height correlation function is given by
Here we used the following equation for any arbitrary function f (n 1 , m 1 , n 2 , m 2 ) including no random phase:
The contribution of the term including f
By interchanging the order of the summations and the integral in Eq. (A5), the integral of f
Using ⟨cos ϕ n,m ⟩ = ⟨sin ϕ n,m ⟩ = 0, the ensemble average is given by
Similarly, the integral of f
Since the second and third terms vanish by ensemble averaging, we have
By combining Eqs. (A10), (A12), and (A14), we have Eq. (5) . The difference between m/M and (m + 1)/M decreases as M increases, and the summation over m in Eq. (5) can be replaced with an integral. As a result, the height-height correlation function in the limit M → ∞ can be expressed as
Here, J n (x), H n (x), and 1 F 2 (a 1 ; b 1 , b 2 ; x) denote the Bessel function, the Struve function, and the generalized hypergeometric functions, respectively.
As a special case, if τ = 0,
Since 2 < D < 3 and γ > 1, the term (γ 2D−6 ) N vanishes in the limit of N → ∞. Similarly with the calculation in Appendix A, the forth moment is given by
ζ n1,m1 (x)ζ n2,m2 (x)ζ n3,m3 (x)ζ n4,m4 (x)dx.
The conditions that the terms in the right-hand side of Eq. (B1) can contribute to m 4 after ensemble averaging is discriminated by using the following functions: ) .
Similarly, the total contribution satisfying I i = 1 (i=4,5,6) is given by 
The last contribution satisfying I 7 = 1 is given by 
As a result, we obtain the averaged kurtosis:
